Covers for self-dual supercuspidal representations of the 
Siegel Levi subgroup of classical p-adic groups 



David Goldberg! Philip Kutzko§ and Shaun Stevens^ 
2 February 2008 



Abstract 

We study components of the Bernstein category for a p-adic classical group (with p odd) 
with inertial support a self-dual positive level supercuspidal representation of a Siegel Levi 
subgroup. More precisely, we use the method of covers to construct a Bushnell-Kutzko type 
for such a component. A detailed knowledge of the Hecke algebra of the type should have 
number-theoretic implications. 



Introduction 

Let Fq be a locally compact nonarchimedean local field, and G the -Fo-points of a connected reductive 
quasi-split algebraic group G defined over Fq. The smooth representation theory of G plays a role 
in automorphic forms, and is therefore of deep interest to number theorists. A theorem of Bernstein 
shows that, in the terminology of it is enough to understand the subcategories !EH S (G) of smooth 
representations with supercuspidal support in a given inertial class s. The class s = [L,it]q is 
determined by a Levi subgroup L C G and an irreducible supercuspidal representation it of L. 
The theory of types and covers [§] gives one a method for trying to understand the subcategories 
9t B (G). In particular, if one knows supercuspidal types for all Levi subgroups of G, and how to 
construct G-covers of all such types, then one has a complete set of types for G. Here, we study 
the case where F has odd residual characteristic, G is a classical group, and s = [L,tt]g with L 
a Siegel Levi subgroup and it an irreducible supercuspidal representation fixed by the non-trivial 
Weyl group element. While this work gives a complete set of G-covers (and hence types) in this 
case, the theory cannot be considered complete without knowledge of the associated Hecke algebras. 
As shown in [15] : a precise understanding of such Hecke algebras gives information on reducibility 
of induced representations and therefore determines poles of certain Langlands L-functions. These 
considerations will be the subject of future work. 

Let G be any of the groups Sp 2 Mi SO2M, SO2M+1, U n or SO*, i.e., a symplectic, quasi-split 
special orthogonal group, or quasi-split unitary group. (Here SO^ stands for a quasi-split but non- 
split special orthogonal group.) Let B = TN be a Borel subgroup with unipotent radical N and 
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maximal torus T. There is a choice of standard maximal parabolic subgroup P = LU containing 
B whose Levi component L is isomorphic to either GLm x Go, or Hesp/p (GLM) x Gq; here 
Gq is an anisotropic group and F/Fq is the quadratic extension defining the unitary group. We 
study the theory of types for the inertial class 5 = [L,tt]g, where ir is fixed by the non-trivial 
element wq of the Weyl group Ng(L)/Zg(L). The work of Bushnell and Kutzko [2] gives one a 
type (Jl, Al) for the inertial class Sl = [L,tt]l- The purpose of this paper is to construct a cover 
(J, A) of (Jl, Xi) for each group G. (This was done by Blondel |2j when G = Sp 2 M'> ner methods 
are somewhat different.) Therefore, by [SI, the pair (J, A) is a type for s. One then knows that 
the category 9t s (G) is isomorphic to the category Ti(G, A)-Mod of unital (left) modules over the 
A-spherical Hecke algebra. 

This isomorphism of categories has implications both for the location of poles of certain L-functions, 
and for the classification of local galois representations. One example of this may be seen in recent 
work of Kutzko and Morris jT^j, where G is one of the groups Sp 2 M, SO2M or SO2M+1, and n 
is a level zero self-dual supercuspidal representation. Specific information about the Hecke algebra 
TC(G, A) is employed to give a purely local proof of Shahidi's theorem on the reducibility of parabolic 
induction 20 , which can also be described in terms of the poles of L-functions. On the other hand, 
recent work of Henniart [2] ; building on work of Harris and Taylor and Henniart 1 relates 
this to the classification of local galois representations by their images (e.g. symplectic, orthogonal). 
In the case of the level zero representations in |15| . the classification of galois representations 
obtained via the Hecke algebra isomorphism was known already. However, in the general situation 
of this paper, the corresponding classification of galois representations is not fully understood and 
has been sought for some time. We hope to address this problem in a sequel. 

We now give a summary of the contents of the paper. In Hl.ll we review the theory of types for self- 
dual representations, via results of Blondel, which is crucial to the construction (see Proposition 
2.2]). In we fix a self-dual representation it of L, and use these results to define a well-adapted 
inner product on an L-vector space V, which defines the group G. In ^1.4( we show that there is 
a choice of simple stratum (see 0), defining the type in tt, which is particularly well suited. In 
particular, it gives rise to a skew semisimple stratum (see |23j ) in Endi?(y), which underpins the 
construction of G-cover. 

We construct the G-cover (J, A) in ^21 following the recipe of §7]. The first stages, when we 
are working with pro-p groups, are performed first in AutF(V) (see N2.1j) . and then transferred to 
G using the Glauberman correspondence (see fc )2.2|) . To verify that (J, A) is indeed a G-cover, we 
construct an invertible element / in the Hecke algebra 7i(G,X), which is supported on a strongly 
(P, J)-positive element in the centre of L (see jH]). To do this, we use an argument which harks 
back to the work of Borel j3J: we find two invertible elements of the Hecke algebra Ti(G, A), which 
each have support in a compact subgroup of G, and whose convolution is supported on a strongly 
positive element of L (see Lemmas 12.91 12.1(J|) ; a suitable power of this is the required element /. 

Finally, in ^12. 31 we prove a result on the Hecke algebra 7i(G,\), following the techniques and 
philosophy of [3 §5] (see also |18|). We show that the subalgebra of elements with support in 
a fixed maximal compact subgroup is isomorphic to an algebra of the form Tt(G',p'), where Q' 
is a (possibly disconnected) classical group over a finite field, and p' is an irreducible cuspidal 
representation of the Siegel Levi subgroup of Q' . In many cases, the calculations in 15 j will give 
the parameters of these Hecke algebras; in general, the calculations will be similar. This will simplify 
the computation of Hecke algebra 7~t(G, A); these specific calculations, and their implications to the 
classification of galois representations, are left to future work. 
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1 Preliminaries 



Let F be a locally compact nonarchimedean local field. Let p be an automorphism of F with 
p? = 1; we allow the possibility that p is trivial. We set Fq = F^ to be the fixed points of p. Let 
Op be the ring of integers in F, and Pf the maximal ideal in Of- Denote by kp the residual field 
Of/Pf, and let qp = \kp\- We adopt similar notation for Fq and for any extension of Fq. 

Let p denote the characteristic of &f. We assume that p is not 2 throughout. 

For r a real number, we write [rj greatest integer less than or equal to r, and [r] for the least 
integer greater than or equal to r. 

1.1 Self-dual representations of GLm(F) 

We begin by looking at the self-dual representations of GLm(F), following Blondel [2J §2.2]. Let 
W be an M-dimensional F-vector space with basis S = {wi, . . . , Wm}, equipped with the non- 
degenerate hermitian form {,) w given by (w^Wj)^ = 5i+j t M+i- Denote by Ey/ the adjoint 
involution on Ay/ = Endi?(VF) and by Ey/ the involution g i— > Ey/(g ) of Gvk = Autp(W) ~ 
GLm(F). Then, writing a G Avi/ with respect to the basis 23, we have 

Ewip) = ^ afl , 

where G Ay/ is obtained by applying p to the coefficients of a, and t denotes transpose with 
respect to the off-diagonal. For p a representation of a subgroup J of G^, we write p £w for the 
representation of Ew(J) given by /9 £M/ (£ty(j)) = p{j), for J £ </• 

Let 7T be an irreducible supercuspidal representation of Gy/ such that it ~ 7r ew \ Note that, if 
F = Fq, then, by Gel'fand and Kazhdan ^U], this is equivalent to it being self-contragredient. 
Let (Jw,Aw) be a maximal simple type in Gw corresponding to the inertial equivalence class 
[Gy/, ir]G w - We will need to use the construction of Xy/ quite explicitly so we recall it briefly here 
(see [S] for more details). 

It begins with a simple stratum {%iy/,ny/, 0, /?], where %y/ is a principal hereditary o^-order in Ay/, 
with Jacobson radical V$y/i an d ny/ S N is such that (3 € ^P^T W \ ^P^7 niv . Further, i£ = F[(3] is a 
field extension of F and S x normalizes 2lw. We set Bjy to be the Aiy-centralizer of E and put 
25vk = 2lw H Biy, a maximal hereditary o^-order in i?vK- We also fix a uniformizer tug; of E. 

From the stratum are defined certain subgroups fl*. = ^ fc (/?,2tvi/) and J*, = J k {p,%L W ), for A; > 0, 
along with some sets C(%ly/, k,/3) of characters of H^ 1 called simple characters (see [SJ §3]). The 
construction of the type continues with a simple character 0y/ G C(2ln/, 0, (3). There is then a 
unique irreducible representation rjy/ of J^y which contains By/- 

Now we take Kyr to be a (3-extension of 7yvy, that is, one of a certain family of representations of 
Jy/ = J\y w hfoh restrict to rjy/. We also recall the construction of Kyj here, from §5.1-2]. Let 
^ w be a minimal hereditary o^-order in By/ contained in 2?vk and let 21^ C 21^ be the unique 
hereditary Oi?-order in Ay/ which is normalized by E x and such that % w n By/ = %$ w - Then 
[21^, n w , 0, 0\ is also a simple stratum, for some integer n w , and we can define simple characters 
associated to this stratum also. Moreover, there is a canonical bijection Tq^ V} %m ) p : C(2ljy,0, /3) — > 
C(2l^,0,/3) (see §3.6]). Let be the transfer of 9y/ under this bijection. There is a unique 
irreducible representation r\ w of J (J3, 2ljjy) which contains 6>{y. 
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Now we form the group J w = U 1 ( S 3 W )J W . There is a unique representation r\w of J w such that 
rjw\ji = Vw and rjw, Vw induce equivalent irreducible representations of f7 x (2ljy). Then kw is any 
representation of Jw such that = Vw- Finally, Jw / Jw — U(%$w)/U i*Bw) is isomorphic 

to GL r (kE), where r = M/\E : F\. Then there is a cuspidal representation pw of Jw / Jw such 
that 

Xw = Kw ® PVF- 

By conjugating ( Jw, \\y) if necessary, we may and do assume %w is standard; that is, with respect 
to our chosen basis 23, it consists of matrices with entries in which are upper block triangular 
modulo Pf- Note that this means that ew(^w) = 2lw- 

Proposition 1.1 (cf. [2, 2.2 Proposition]). (i) There exists a G U(%lw) such that Jw is sta- 
ble under a : g — > a Ew(g)o~ 1 and Xw is equivalent to Xw o. 

(ii) Such an element a is unique up to left multiplication by Jw- It satisfies: 

(a) aew{o~) G Jw and we~ 1 o- ewi^E" 1 ^) G Jpi/. 

(b) T/ie map a stabilizes H w and J w and we have 6w = &w ° 

(c) The lattices 2w , fiw are s tMe under X \— > aew{X)a~ . 

The proof is identical to that of PI 2.2 Proposition]. 

1.2 Simple characters 

We record here, the following useful lemma, from [2J 4.3 Lemma]. Note that this uses very strongly 
the condition that p ^ 2. 

Lemma 1.2 ([2, 4.3 Lemma 1]). Suppose V" is any F-vector space and [21", n" , 0, (3"] is a simple 
stratum in A" = End^fV"), where 21" is a hereditary Op-order in V" . 

(i) [2l",n",0, i/3"] is a simp/e stratem in A", with # fc (±/3", 21") = H k (f3",%"), for each k > 0, 
and similarly for J k . 

(ii) For each m > 0, the map 9 i— > d 2 is a bisection from C(ty!' ,m, onto C(2t" ,m, f3") which 
is compatible with the canonical bijections r of %3.6j. We denote the inverse bijection by 
()■ ■()' -. 

We will write 9 L = O 1 ^ 2 G C($wA \P) and Of = {0 w ) l l 2 G C(2l^,0, We also let rj L be the 
unique irreducible representation of J 1 (/3,21vf) which contains 9l, and likewise r/™. 

Note also that we have (6l &) 2 = 0\oa = 9w- In particular, since the squaring map is a bijection, 
we see that 9l ° o = 9l- 

1.3 Classical groups 

Let Vo be an F-vector space equipped with a nondegenerate totally isotropic z^-hermitian form 
(, ) , with v = ±1. Thus (vo,wo) = ^(wo,vo)q, for all vo,wo G Vq. We write Go = Autp(Vo) 
and denote by Gq the (anisotropic) group corresponding to the form ( , ) : 

Gq := {g G G : (5oVo,5ow ) = (v ,w ) for all v ,w G V }. 
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We put Go := {go £ Gq : detc /F(go) = !}• We allow the possibility that Vq = {0}. 
Set V = W © V © W and define a form ( , } on V by 

((vi, v , v 2 ), (wi,w ,w 2 )) = (vi,cr _1 w 2 ) H/ + (v ,w ) + v(a~ 1 v 2 ,w 1 ) w , 

for vi , v 2 , wi , w 2 £ W and vo, wo £ Vb, where a is the element given by Proposition ll.il Note that 
( , ) is now a nondegenerate i/-hermitian form in which the two copies of W are (dual) maximal 
isotropic spaces, and Vo is the maximal anisotropic space. Let N = dirnp V; then N = 2M + D, 
where D = dinip Vq. 

We put A = End F (V) ~ M(N, F). We set G = A x = Autjr(V) ~ GL N (F) and 

G + = {g £ G : (gv,gw) = (v, w) for all v,w £ V}, 

a unitary, symplectic or orthogonal group over Fq. We also put 

G:={g€G + :det G/F (g) = l}. 

More generally, for H a subgroup of G, we will write H + for the intersection H + = H D G + , and 
H for the intersection H = H flG. 

We denote by e the adjoint involution on A determined by the form; that is, for a £ A, e(a) is the 
unique element of A such that 

(av,w) = (v,e(a)w) , for all v,w,£ V, 

We have an involution e on G given by e(g) = eig^ 1 ), for g £ G, so that G + = G e . 

Note that e induces an involution on Aw via the two embeddings of W into the first (respectively 
last) factor of V = W © Vq © W, and we also denote this involution by e. For any v, w £ W and 
a £ Avi/, we have (a(v, 0, 0), (0, 0, w)) = ((v, 0, 0), e(a)(0, 0, w)) . So, by definition of the form ( , ), 

(av,a~ 1 w) w = (v,a~ 1 s(a)w) w , that is (v, e{a) w a~ l w) w = (v,a~ 1 e(a)w) w . 

Thus, for any a £ Ayy, we have e{a) = o"£^(a)cr _ . 

Given a representation /) of a subgroup J of Gw, we denote by p £ the representation of e( J) given 
by P e {e{j)) = p(j), for j £ J. 

For L an o^-lattice in V, we define its dual lattice to be 

L* = {v £ V : (v,L) C p F }. 

We note that, since Gq" stabilizes lattices Lq d D Pf-^o m K) (see ^1 §1.8]), it is contained in 
a maximal e-stable compact open subgroup of Go (namely, the Go-stabilizer of these lattices). 

Let P be the parabolic subgroup of G stabilizing the self-dual flag 

{0} C W © {0} © {0} C (W © {0} © {0})^ = W © F © {0} C V, 

with unipotent radical U. Let L denote the Levi component of P which stabilizes each copy of 
W along with Vo- So L = GLm(F) x GLd(F) x GLm(F). Let P_ denote the opposite parabolic 
subgroup, P_ = LU-. We also put Al = Aw © ^4o © Aw = Lie(L). 
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We set P = P n G, the Siegel parabolic subgroup of G, with unipotent radical U = U n G, and 
L = L n G, a Levi component of P. Then L = GLm(F) x Go; in block matrix form, we identify 
Gw x Go with L via the isomorphism 

1 9 \ 
i(9,9o)= 5o 1, for 5 G G^y, 5o e G . 
\0 £ («7)7 

If p is a representation of a subgroup Jvk of Gjy, and Jo is a subgroup of Go, then we denote by 
i(p) the representation of i(Jw x Jo) given by i(p)(i(j,jo)) = p(j), for j G Jvk, Jo £ Jo- If the 
group Jo is not specified then we take it to be the whole of Go- 

More generally, if J is a subgroup of G such that J (~l L = i(Jw x Jo) an d J has an Iwahori 
decomposition with respect to (L, P), then we denote by i(p) the representation of J given by 



i(p)(u-lu) = i(p)(l), for u_ € J n J7_, Z € J n L, u E J C\U, 
whenever this defines a representation. 

It will also be useful, later, to put V' = © {0} ®WcV, equipped with the restriction of the 
form ( , ). We put A' = Endp(V'), G' = Autp(V'), e the involution of G' associated to the form, 
and G /+ = (G') e . We also let P' be the maximal parabolic subgroup of G which stabilizes the flag 

{o} gv'gv, 

with unipotent radical U' . Let L' denote the Levi component of P' which stabilizes the decompo- 
sition V = V © Vq, so that V ~ G' x Go, and let P'~ denote the opposite parabolic subgroup, 
with unipotent radical U' . We note that, while L' is stable under the involution e, V is not a 
Levi subgroup of G. 

We consider the inertial class = [L, i(Tr)]j; and a type ( J^, A^) for it, where 

J^ := i(Jjy) = i(Jw x Co) and := i{Xw)- 

We are going to construct a G-cover of this type, which will give a G-type for the inertial class 
s = [L,i(7r)] 5 . 

1.4 Semisimple characters 

We continue with the notation of the previous sections. Let Cw = {L^ '• k G Z} be the o^-lattice 
chain in W corresponding to 21^, so that 

% w = { a e A w : aLf C Lf for all k G Z}, 

normalized so that Lq 7 = Opwi © • • • © o^wm. Let e^/ denote the o^-period of 2lw We define C! 
to be the Og-lattice chain of o^-period 2ew in V given by 

■ ■ ■ D © D © Lf +1 d Lf +1 © Lf +1 D • • ■ 
It is straightforward to check, since a G Z7(2W), we have 

{Lf®Lff = Lf w _ k ®LY w _ k and (Lf © L^f = L^.^ © L e ^_ fe 
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so that £ is a self-dual lattice chain. We write £ = {L' k : k £ Z}, where we number the lattices so 
that Lq = L^ w j © L^e w -| = (Lg)^. 

Now let A' be the o^-lattice sequence of period 4ew in V = W © TV given by 

A'(k) = L' L|J 

so that every lattice of £' occurs twice in the sequence and A' (A;)* = A'(l — k), for k € Z. 

We consider the element © \(5 G ffi Aw, which we will also call Then [£ ,2n\y,0, \0\ 
and [A',4niy,0, are both simple strata in A 1 so we can define the orders Sj,Z and the groups 
H k , J k for them, and also simple characters (see |7]). These are in fact the same, up to a scaling 
of the index (loc. cit); so, for example, 

In particular, H x (\p,h!) = H x {\p,£) and we shall denote this group H' . Similarly, we put 
J' 1 = J 1 (i/3, A') = J x (\f3,£) and J' = J(\P,M) = J(\P,£). Likewise, the simple characters of 
H' 1 are the same: C(A',0, \{3) = C(£,0, \p). 

Moreover, the groups H , J' and J' are described in 2.2 Lemma]. So, for example, with respect 
to the basis SuS of V' (which, we note, is not a Witt basis), 



H' 1 



Finally, we have the bijection t% w : C(2l^>0, — > C(2l',0, from §3.6]. Let 0' be the 
image of 6l under this map. Note that, by §7.1-2], & is trivial on H' n ?7 and n U-, while 

It is straightforward to check that Proposition II. H together with our definition of the form ( , } , 
implies that 6' is fixed by the involution e (cf. [21 2.3 Corollary]). 

Now let £o be the unique self-dual o^-lattice chain in Vq 

■ ■ ■ 5 L D L* D p F L 5 Pf^* 5 • • • • 

Note that we may have Lq = Lq or Lq = $fLq so this lattice chain has Oi?-period eo = 1 or 2. Let 
Aq be the self-dual Oir-lattice sequence of period Aew given by 



A (fc) 




if fafcl = 2j + 1, 



so that every lattice of £o appears with equal multiplicity 4ew// e o- Note also that Ao(fc)* = 
Ao(l — k), for k £ Z. Moreover, the filtration of Aq determined by Ao is the same as that determined 
by Cq up to a scaling of the index. In particular, ao(Ao) = 21(A)) and ai(Ao) = ^3(A))- 

Finally, we define A to be the o^-lattice sequence in V given by 

A(fc) = A'(jfe) © Ao(fc), for fceZ. 
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Then, by construction, A is self-dual and of Op-period e = 4ew- We consider the element ^©0 G 
A' © Aq (in fact, in Al); by abuse of notation, we will still call this element Then [A, n, 0, \j3\ is 
a semisimple stratum in A, where n = 4nw. (See ;23, §3.1] for the definition of semisimple stratum, 
which is more general than the definition in 21, §3.3]; in particular, null strata are thought of as 
simple strata so, alternatively, the definition in [2^ could be used with "simple" replaced by "simple 
or null" everywhere. The results of [2J all remain valid in this situation - the proofs are the same 
and they are also proved in |23j.) 

We put J = J(t;(3, A) (see (2J or [23]) and similarly for J 1 , H 1 , 3, $) etc. In matrix form we have 

(Zw ap n/2 -|(A) we^^wX 
a [n/2l (A) 2l(£ ) a rn/2l (A) 
&W a [n/2l(A) Z\V J 

and there are similar decompositions for Z k and Sj k , k > 0. Since J' is stable under the involution 
e and A is self-dual, we see that J is stable under the involution e, and likewise for J 1 and H . 

Let 8 be the unique semisimple character (see [22 §3.3] or [221 §3.2]) of H 1 such that 

®\h' 1 = ® '• 

Now 8 is trivial on H 1 Pi U' and If 1 n U' by definition so, since 8' is trivial on H C\U and If' n [/_, 
we see that 9 is in fact trivial on H 1 n £/ and if 1 D f7_. Since 0\ H ,i is fixed by e and 0|[/i(,c o ) is 
trivial (by definition), we see that 9 is fixed by e. Moreover, since 6^ = we have 

9\jji = i{9w)- 

Proposition 1.3 (cf. [2, 2.3 Theorem]). There exists a semisimple stratum [A, n,0, a] in A with 
a G Al and a = —e(a) such that 9 G C(A, 0,a). 



Proof Let ip : A' — > A' be the involution given by conjugation by 

, //a/ 
h= \0 -Im 

Then (9')^ = 9' , since it is trivial on the unipotent parts, and {9') £ = 9'. Thus, 8' is invariant 
under the subgroup O of Aut(G') generated by e and (p. As ecp = <pe, we see f2 ~ Z 2 x Z 2 , and 
thus by |21l Theorem 6.3] (see the Remarks at the bottom of page 139 there also), there is a choice 
of a which is fixed by Q such that 9' € C(A',0, a). Then [A, n,0, a] is a semisimple stratum with 
aei'fl Al and a = -e(a), such that 8 £ C(A, 0, a). ■ 



In particular, replacing by the element a found in Proposition 11.31 we may (and do) assume 
that [A,n,0, ±/3] is a skew semisimple stratum. 

As in the construction of the type ( Jw, ^w), we will also need the transfer of 9 to a minimal order, 
which we give now. Let B' denote the centralizer in A' of E and put 25' = 21' n B', an o^-order 
of period 2 with radical £}'. Recall that we had, in §1.1, a minimal o^-order 25^ C 25vk- Let 
Q5' m C 53' be the e-stable minimal o g-order in B' given by 

<B' m = (^e?(^))+0 / , 
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(cf. |21 4.3]). Let L' m be the corresponding self-dual o^-lattice chain in V', of o^-period 2r, where 
r = M/[E : F]. Let A /m be the self-dual Og-lattice sequence in V' in which every lattice of C' m 
occurs twice and with the indexing chosen such that 

A ,m (k)* = A' m {l-k), forallfcGZ. 

Note that [C m , 2n^ f , 0, \(5] and [A /m , 4n^, 0, ^j3] are simple strata in V whose associated groups 
and characters are the same up to a scaling of index. 

Now let A m be the Oj?-lattice sequence in V defined by 

A m (fc) = A' m (A;)©Ao(r£l). 

It is a self-dual lattice sequence of period re such that Oo(A m ) C Oo(A). Then [A m ,n m ,0, |/3] is a 
semisimple stratum in A, where n m = 4n{y = nr. 

We put 9' m = t a , A , m ipiO'), a simple character of A' m ); then also 0' m = A' m ipi®™)- 

Finally, let 6 m be the unique semisimple character of = A m ) such that 

V lff 1 (|/3,A' m ) — ■ 

In the language of [23 §3.5], we have 6 m = r AAm ip(6). 

2 Covers and Hecke Algebras 

We continue with the notation above, so we have [A, n, 0, h/3] a skew semisimple stratum in A, with 
(3 G A L , and 6 G C(A,0, \@) such that 

%i = iSO- 

We also have -E = -F[/3] and -B the A-centralizer of £7. The galois involution p extends to E (as e), 
and we write i?o for the fixed subfield, which has index 2. We fix a uniformizer we of £7 such that 
we 11 = ±we- 

2.1 G- Covers 

We begin by doing some work in G, before using Glauberman's correspondence to transfer this 
information to G. 

Recall that, given p a representation of a subgroup H of G and g G G, the intertwining space 
I g (p\H) is 

I g (p\H) = Hom^ns h(p, 9 p), 

where 9 H = gHg^ 1 and 9 p is the representation of 9 H given by 9 p{ghg~ 1 ) = p(h), for h G H. The 
G -intertwining Iq(p\H) of p is then defined to be 

I G (p\H) = {geG: I g (p\H) ± 0}. 
In our situation, we recall the following, from |211 Theorem 3.14, Corollary 4.2 and Proposition 4.3]: 
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Lemma 2.1. (i) I G {9) = J 1 B X J 1 . 

(ii) There exists a unique irreducible representation rj of J 1 which contains 9. Moreover, dim 77 
(J 1 : H 1 )^ and, for g G G, 



1 ifg^J l B x J l ; 
otherwise. 



From P| §7.1] (together with [211 §3.3]), H 1 has an Iwahori decomposition with respect to (L,P) 
and 

H 1 n L = H\\p& w ) x C/^Ao) x H l {\p,yi W ). 

There are also similar decompositions for J 1 and for J. Moreover, 9 is trivial on H 1 R U and 
H 1 n ?7_ , and the restriction of 9 to H 1 R L takes the form 

^Ihiol = e L ® 1® (9^. 

We recall ([22 Proposition 4.1] - see also jSJ §3.4]) that the pairing 

(j,f)^0[j,f], forjJ'eJ 1 

induces a nondegenerate alternating bilinear form kg on J 1 /if 1 ; likewise, we have a nondegener- 
ate alternating bilinear form fce L on J 1 (i/3, 2lv^)/-ff 1 (^/3, 21vk)- Then, exactly as in Proposi- 
tion 7.2.3], we get: 

Lemma 2.2 (cf. gO Proposition 7.2.3]). (i) The subspaces J 1 C\U - / H 1 C\U - and J 1 nU / H 1 R 

?7 0/ J 1 / H 1 are both totally isotropic for the form kg and orthogonal to the subspace J 1 R 

(ii) The restriction of kg to the group 

J 1 R L/H 1 n L = J l {\(3,Vl w )/H l {\(3,Vi w ) x J l {\f3,Vi w )/H l (\p,Vi w ) 
is the orthogonal sum of the pairings kg L , kg L . 
(hi) We have an orthogonal sum decomposition 

J 1 J l nL ( j x r\U- J l nu 

i- — ; — X 



h 1 mm KmnU- H l r\U 

We define the groups 

Hp = H 1 ^ 1 R U), Jp = H 1 (J 1 nP), J P = H 1 {JC\P). 
Since J 1 normalizes 9 and 9\ H i nU is trivial, we can define the character 9p of Hp by 

9 P (hu) = 9(h), for h G G J 1 R £/. 

As in [SJ §7.2], we immediately get: 
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Corollary 2.3 (cf. [5, Propositions 7.2.4, 7.2.9]). There is a unique irreducible representation 
np of Jp such that T]p\h^ contains Op. Moreover, r\ ~ Lndji np and, for each b € B x , there is a 
unique (Jp, J p)- double coset in J 1 bJ 1 which intertwines rjp. 

We note also that we certainly have tjp\ j^ nL — i]l ® 1 ® 

Proposition 2.4. We have Ic(0p) = JpB x Jp and hence Ic(rip) = JpB x Jp. 

Proof We have Ic(Qp) = Ig(vp) so > by Corollary 12.31 we need only check that all of B x inter- 
twines Bp. Since B x C V , and 9p is trivial on H 1 n U' and H 1 n U'~ , we need only check that 
B x intertwines #p|ffinz/ = 0' P ®1, where 0' p is the character of H'p = H' 1 ^' 1 n U) obtained by 
trivial extension, as above. Since Go clearly intertwines the trivial representation 1, we need to 
check that B' x , the G'-centralizer of 0, intertwines 0' p . 

To ease notation, we omit the superscripts '; indeed we have just reduced to the case where Vq = 0. 
Then we are in the situation of 5J §7.1-2]. We note that J P = (U(<B) n L)Jp. Since U(*8) n L 
normalizes Ol<S> Ql, while Op is trivial on H 1 n U and H 1 n J7_, we deduce that Jp normalizes Op. 

Recall that we have our (e-stable) minimal o^-order <B m C 25 from S ll.4l fwhere we are still omitting 
the superscripts '). Let vi, . . . , v r be an P-basis for W and v r+ j = crvj, for i = 1, 2, . . . , r, so that, 
with respect to the basis Vj, . . . , V2 r of © W, we have Q3 m in standard form. We put V® = Evi, 
for i = 1, . . . , 2r. Let ?o C P denote the parabolic subgroup of G which is the stabilizer of the flag 

2r 

c F« c F« © c • • • c V® = V 

i=l 

Let Uq D 17 be the unipotent radical of Po an d let Lo C L be the Levi component of Pq which 
stabilizes the decomposition 

Also, let Pq = LqIIq denote the opposite parabolic subgroup. 

For i = l,..., 2r, let A w denote the lattice chain (i.e. ignore repetitions) given by intersection of 
A with V"W; note that [AW, n ,0,|/?] is a simple stratum in A® = Endir(yW). Moreover, since 
each V" is a one-dimensional E'-vector space, the lattice chain A w is uniquely determined by the 
property of being normalized by E x . Hence, we can (and do) identify AW with AW, for each i. 

From 4, Examples 10.9, 10.10], H 1 has an Iwahori decomposition with respect to (Lq,Po) and 

2r 

H P nL = H 1 n L =IJ# 1 (/3,aW). 

1=1 

There is also a similar decomposition for J 1 (though not for J) and hence also for Hp. Moreover 
(loc. cit.), is trivial on H 1 D f/o and H 1 n C/ _ , and the restriction of # to i? 1 n Lq takes the form 

2r 

#p|^nL o =^nLo=(g)0 (1) 

i=l 

where is the simple character transfer of 0l to H l ((3, A^ 1 )). 
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Since £7(93 m ) C (£7(93) H P)f7 1 (93), we need only show that some set of double coset represen- 
tatives for {7(Q3 m )\-B x /£7(23 m ) intertwines #p. By the Bruhat decomposition, we may take these 
representatives to be of the form 

b = yz 

where, with respect to the basis V\, . . . , V2 r , y is a permutation matrix and z = diag(zi, . . . , Z2 r ) 
is a diagonal matrix with entries z% € we 1 ■ Then b normalizes Hp n Lq and indeed, since 
normalizes 9^ l \ normalizes Op\h^c\L - 

Since b normalizes Lq, Hp also has an Iwahori decomposition with respect to (Lq,Pq), whence, 
by uniqueness of Iwahori decompositions, Hp n b Hp has an Iwahori decomposition with respect to 
(Lq, Pq). Writing g G Hp n b Hp in this decomposition as g = U-lu, we have 

P (g) = 9 P (l) = b 9 P (l). 

To conclude the Proposition, we need only show that 0p(6 _1, u6) = 1, and likewise for u_. Since 
both are similar, we treat only the first of these. Since b~ l ub € Hp, we can write b~ l ub = u'_Vv! 
in the Iwahori decomposition of Hp. However, by elementary row and column operations, we can 
write b~ l ub = X-x, with x_ € UZ and x £ Uq. Now uniqueness of Iwahori decompositions implies 
that u'_ = x_, I' = 1 and u' = x. Hence 6p(b~ l ub) = 9p(u'_)0p(u) = 1 as required, since Op is 
trivial on Hp n Uq and Hp nU Q . ■ 

We will also need similar results for our character 6 m of H*, = H x (\p, A m ). Let r/ m be the unique 
irreducible representation of = J 1 (^/3, A m ) which contains # m . As above, H^ and J^, have 
Iwahori decompositions with respect to (L, P) and we can define the character 9™ of H^ p = 
H^J^ n U) by trivial extension of m . The same proofs (indeed, they are somewhat simpler) as 
those of Lemma 12.21 Corollary 12.31 and Proposition 12.41 show that 

i g(&'p) = Jm,pB K J m ,p, 

where P = H^ n (J^ n n P), that there is a unique irreducible representation r]p of P which 

ji 

contains 8p, and that r] m = Ind r T r/S. 

"m.P 

Let OX denote the transfer to H x (\fi, &™ ) of L (th is is just the restriction of 6 m to one of the 
copies of Gw C L). Then, if r\™ denotes the unique irreducible representation of J l (\(3, 2l{y) which 
contains 0™, we have 

VpIhihl^Vl ®1®Vl- 

2.2 G-Covers 

Now we will transfer the information obtained in the last section to G, using Glauberman's cor- 
respondence (see (Hj, or |21j for the situation here). Let f2 denote a 2-group of automorphisms of 
G. Recall that if H is a pro-p subgroup of G and H is the group of O-fixed points, then there is 
a bijection, denoted p <-> g^(p) between (equivalence classes of) irreducible representations of H 
with p w ~ p, for all u> G O, and (equivalence classes of) irreducible representations of H Q . Further, 
this correspondence commutes with irreducible restriction and irreducible induction. Recall also 
that the representation g^(p) is characterized as the unique component of p\jjn appearing with 
odd multiplicity. 
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We will usually apply this correspondence with $7 the group of automorphisms of G consisting of 
e and the identity, in which case we will just write g for the correspondence. Note also that, for 
e-stable pro-p subgroups H of G, we have H £ = H + = H. 

We write 9 = g(9) = 0\jji, a skew semisimple character (see (22 §3.4]). We also set 

G% = B n G+ and G E = B n G 

so that G E (respectively Ge) is the direct product of a unitary group, for the quadratic extension 
E/Eq, and the anisotropic group Gq (respectively Go). 

We recall first the following, from |211 Theorem 3.16] (see also the Remarks following op. cit. 
Corollary 4.2), and [221 Proposition 3.3.1]: 

Lemma 2.5. (i) %+(0) = J^+J 1 and %(0) = J^eJ 1 . 

(ii) There exists a unique irreducible representation r\ of J 1 which contains 9. Moreover, rj = g(t]), 
dimr/ = (J 1 : H 1 )^ and, for g G G + , 

I otherwise. 
We also put 9p = g(6p) = #p|#i • Note that we have 

Op = i{9w). 

We remark here that, since JpfMJ = HpDU, and likewise for £/_, this implies (see jTj Lemma 1 (ii)] ) 
that 

(7 P nI7)(jpnl7_) c (J P nU-)Ker(i(9 w ))(j P nu). 

In particular (by loc. cit.), if p is a representation of a subgroup X of Jyy x Go which restricts to 
a multiple of #vy> then i(p) is a well-defined representation of (Jp n U-)(i(K))(Jp n f7). 

From Proposition 12.41 together with 1211 Corollary 2.5] and |22l Theorem 2.3], we get: 
Proposition 2.6. Iq+{9p) = JpG E Jp and Iq(9 p ) = lpG E Jp. 

Let 9 m = g(9 m ) = # m |7/i • Let fj be the unique irreducible representation of J 1 which contains 9, as 
in Lemma 12.51 and let rj m be the unique irreducible representation of which contains 9 m . Let 
Op = 9 (Op) be the trivial extension of 9 to ffp and, similarly, 9p the trivial extension of 9 m to 

We also put fjp = g(rjp) and rjp = g(r]p). By taking e-fixed points in J /H , we can imitate 
Lemma 12.21 and Corollary !2.3l to show that there is a unique irreducible representation of Jp which 
contains 9p and, since i]p\jji is a multiple of 9p, we see that this must be r)p. Likewise, rfp is the 

unique irreducible representation of p containing 9 p. We also have 



vp = Knw) and Vp = KVw)' 

since the representations on the right restrict to multiples of i(9\y) = 9p and i(9^) = 9p respec- 
tively. 
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Since U(A) (1 B normalizes Jp and U(A m ) is contained in U(A), we can form the group Jp = 
(U 1 (A m ) (~l Ge)J\>- We also recall that we have the representation rj\y of Jjy = [/ 1 (5S^)J^ / (see 
§1.2) and observe that Jp n L = i(Jyy). 

Proposition 2.7 (cf. [5, Propositions 5.1.15, 5.1.19]). There is a unique representation rjp of 
Jp such that 

(i) rjp\Jp = rjp; 

(ii) rjp and rjp induce equivalent irreducible representations of U 1 (A m ). 
Moreover, rjp = i{rjw) an d 

rV T ,~, fl ifgeJpG+Jp; 
dim I g (r)p) = i . 

I U otherwise. 

Proof Let f^i be the group of automorphisms of G + generated by conjugation by 




Then (G + )^ 1 = (G') + xGq . We will denote the Glauberman correspondence on representations 
of pro-p subgroups of G by g-y. We note that, since all our representations are trivial on U' and 
U'~ , they are fixed by Q± and, moreover, gi 1 is just restriction for these representations (since their 
restrictions are irreducible). 

Let be the group of automorphisms of (G + ) ni generated by conjugation by 




Then ((G + ) Ql ) 2 = L. We will denote the Glauber man correspondence g^ 2 on representations 
of pro-p subgroups of (G + )^ 1 by g 2 - As above, since all our representations are trivial on U and 
U~, their transfers to (G + ) Ql are fixed by Q 2 and, moreover, g 2 is again just restriction for these 
representations (since their restrictions are still irreducible). 

We write g^ for the composition g 2 o g x . Then we have 

9q(Vp) = Kvw) and g n (rjp) = i{rfw)- 

We define rjp to be i(rjw)- Then we clearly have g^ijjp) = iijjw) and rjp\j\ = rjp. Also, since the 
intertwining of rjp is contained in that of rjp, 

i-G + (7jp)nu 1 (A rn ) c JpG+Jp nF 1 (A m ) = (u^A^nGEpp = J P , 
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so the induced representation Ind ~ x ^ A ^ rjp is irreducible. Likewise, ImT-£ ^ A ^ Vp 1S irreducible. 

•'P "m,P 

Then, since Glauberman's correspondence commutes with irreducible induction, we have 



9n ( Ind ji ^/P J = Ind i ( J^) 



Condition (ii) now follows as is injective. 

Now we show that these two conditions determine rjp uniquely. For this, we need only show that rjp 
U 1 (A m ) 

occurs in Ind- T1 rjp with multiplicity one. We use the Mackey formula to compute the restriction 

Res?; (Am) Ind^ (Am) ^. 

If x £ U 1 (A m ) intertwines rjp with rjp, then it intertwines rjp with itself so lies in Jp, as above. 

_ ~U 1 (A r ") ~ 

Thus the multiplicity of rjp in Ind-^ rjp is equal to its multiplicity in rjp, which we know to be 

one. 

Finally, we must show that all of G E intertwines rjp. So suppose b G G E . Since b intertwines rjp, 
it certainly intertwines 

t ■ l U 1 (A m )~ j ,£7 1 (A m )_ m 
Ind Tl v ; ??p ~ Ind-^ 'rjp. 

•^P "m,P 

We deduce that there exist u,v 6 U 1 (A m ) such that ubv intertwines rjp. In particular, ubv in- 
tertwines rjp so there exist ji, j'2 € Jp such that jiubvj2 € G E . Note that this element also still 
intertwines rjp. 

Now 

U 1 (A m )bU 1 (A m )nB x = £/ 1 (A m )6C/ 1 (A m ) nL'ns* 

= (C/ 1 (A m )nL')6(?7 1 (A m )nL / )n J B x . 

Now we apply |221 Lemma 2.1] applied with T = Oi, and we see 

C/ 1 (A m )6C/ 1 (A m ) H5 X = (C/ 1 (A m ) n B x )b(U 1 (A m ) n £ x ), 
by Theorem 1.6.1]. 

Then, applying [221 Lemma 2.1] again, with T = {l,e}, we get 

U 1 {A m )bU 1 (A m ) n G+ = (JJ 1 (A m ) nG~E)b(U 1 {A m ) P\Ge)- 

So there exist u',v' £ C/ 1 (A m ) n Gp such that u'bv' = j\ubvj2 and, since u',v' G Jp, we see that b 
intertwines rjp. ■ 

Now we define Kp = i(nw), a representation of Jp, so that Kp\ j± ~ rjp. We also put pp = 
J p 

a representation of Jp trivial on Jp, and 

Ap = i{X\v) = Kp® Pp- 
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Writing matrices with respect using the basis S of W in each of the two copies of W, we set 




where Ip is the D x D identity matrix. 
Proposition 2.8. %(Ap) = J P Ng X (£7(A) n G E ) Jp- 



Proof Notice first (cf. 4.1]) that the normalizer % fi ([/(A)nGp) is (U(A)nG E )W(U(A)nG E ), 
where 

W = {i(w E a , l M] ):oGZ}U {i(vj E a , l Vo )wi : a £ Z} , 

where w E is our fixed uniformizer of E C Aw and ly is the identity map on Vo- 

Since the elements of W normalize Jp D L, while ro^ normalizes Ayi/ and X\y = A^y o 5 (see 
Proposition II .lj) . we see that the elements of W normalize i(X\\r). On the other hand, they either 

preserve U and U- or interchange them so we see that every element of W intertwines Ap = 
Hence we have %(Ap) D Jp Nq (U(A) nG E )l P . 

The proof of the opposite containment, which is a variant of the proof of 5, Proposition 5.3.2], is 
inspired by [21 page 551]; in place of [21 4.2 Lemma], we use [2U Proposition 1.1], which is a slight 
generalization of 17, Proposition 4.13]. It is almost identical to the proof of |241 Proposition 6.14], 
except that the definition of 7tp there is a priori slightly different. 

Suppose g G G intertwines Ap = Kp ® ~p P , so that g £ Iq(t}p\J p ) = JpG E Jp, as ~p P is trivial on 
Jp. Thus, we may assume g lies in G E . Moreover Jp n G E = U(A) n Gp is a parahoric subgroup 
of G^; containing the Iwahori subgroup f7(A m ) n G E . Therefore, we may further assume g is a 
distinguished double coset representative for 17(A) (1 G E \G E /U(A) C\G E (see ^[ §3] or [23 §1] for 
this notion). 

Since diml g (r]p, Jp) = 1, we can imitate the proof of Proposition 5.3.2] to get that any non-zero 
intertwining operator in I g (\p, Jp) has the form S<£>T, with S £ I g (jjp, Jp) and T an endomorphism 
of the space of p P . Now the operator S also intertwines the restriction k\ Jp = rjp so, again as in 
Proposition 5.3.2], it follows that T belongs to I g (pp\Jp). In particular, g intertwines Pp\ji n c E - 

But Jp n G E = U 1 (A m ) f]G E is the radical of the Iwahori subgroup 7J(A m ) n G E of G E contained 
in U(A) n G E . By [211 Proposition 1.1] and the Remarks that follow it, we conclude that we can 
assume that g normalizes U(A) C)G E , as required. ■ 



Recall that we write = i(Jw) and A^ = i(Xw)- I n order to prove that (Jp,Xp) is a cover of 
(Jr, Xj;), the only thing remaining is to find a strongly (P, Jp)-positive element in the centre of L 
which supports an invertible element of the spherical Hecke algebra Tt(G, Xp). To achieve this, we 
look at the Ap-spherical Hecke algebras of two parahoric subgroups whose intersections with G E 
are non-conjugate maximal compact open subgroups of G E - 

Let be the self-dual Op-lattice chain of Op-period ew in V = W © W given by 

... DL ^®LfDLf +1 ®L^ +1 D..., 
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so that C'^ consists of every second lattice of £'. Let A'*- 1 -* be the self-dual Op-lattice sequence in 
V' in which every lattice of C'^ occurs twice and with the indexing chosen such that 

A' {1) (k)# = A /(1) (l - jfc), for all keZ. 

Let A^ 1 ) be the Op-lattice sequence in V defined by 

AW(fc) = A ,(1) (fc)0A o (2A:). 

It is a self-dual lattice sequence of period 2ew = e/2 such that (^(A^) D clo(A). Put K\ = U(A^). 

We define K 2 = U(A {2) ) by the same process, starting from the self-dual Op-lattice chain C'^ ' in 
V' given by 

Then 17(A) C ~K\ n 7^ 2 so, in particular, Jp C n 7? 2 - 

Note that the element w\ lies in W n K\. We also set u> 2 = i(^E , lv ) w l £ Wfl If 2 . 

Lemma 2.9. (i) TC(K\,Xp) = (fi, f Wl ) where f\ is supported on Jp and f wi is supported on 

JpW\J p. 

(ii) TL(K2,Xp) = (fi,fw 2 }> with fi as ^ n (V an d fw 2 supported on Jpw^Jp- 

Proof Both parts follow from the following consideration. For % = 1, 2 the 7f j-intertwining of Xp 
is given by 

%,(Ap) = (JpNc E (U(A)nG E )Jp)riK l 

= Jp (Nq e (77(A) n G E ) n j P . 

But (Nq e (U (A) n Ge) n if j = {1, iOj}. Moreover, the restriction of Xp to Jp fl L is irreducible and 
Wi normalizes Jp D L so the intertwining space I Wi (Xp) is 1-dimensional. ■ 

Lemma 2.10. Consider f wl ,f W2 as elements of Ti(G, Xp). Then the convolution f m * f W2 is 
supported on JpWiWzJp- 

Proof We know f wi * f m is supported on 

JpW\J PW2J p 

= Jp (wi(JpnU-)w^ 1 ) (wi(lp nX)wjf x ) wiw 2 (w2 1 (Jpr\U)w 2 ) Jp. 

Since Jp contains W\(Jp n U-.)iVi , W\{Jp H ^w^ 1 and w 2 ~ 1 (Jp n U)w%, the lemma follows. ■ 

We will prove that := / Wl * f W2 is invertible. To accomplish this we prove that f Wl and f W2 are 
each invertible. In each case we know 

fwi * fwi = cii/i + (2.11) 
by Lemma 12. 91 Thus, we only need to show cu 7^ for each i. 
Lemma 2.12. In equation (12.111) cu ^ for i = 1,2. 
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Proof We treat only the case i = 1, since the other case is identical. We need to check that 
f Wl * 0- Since 



if x J pw\Jp 

Ap(ii)/t Ul (wi)A^(i 2 ) if x = jiwij 2 , with ji, j 2 G Jp, 



we can write 



A«i * = /_ f Wl (y)f Wl (y l )dy 

f Wl (jiw 1 j 2 )f Wl (j 2 lw i 1 ji 1 ) d hdj2 



1 



L X P (ji)f Wl (w 1 )f Wl (w 1 1 )X P (j 1 



|j P n^J P | J j 

Now wi intertwines Ap = i(A^) and normalizes Jp n L = i(Jyy) so f Wl (wi) is an equivalence 
Wl z(A^) ~ i(Xy V ). But w^ 1 = K[ w\, where h\ = i(vaew(o'), ly ) and, by Proposition 11.11 
uaew(o') £ Jvy; hence wj" 1 € Jpiui and f Wl (w± ) is an equivalence — Wl i(X^y). Thus 

/loi^ij/ui^wj" 1 ) is an equivalence of i(X^) and hence a scalar c ^ 0. Thus 

/ wl ,/ wl (i) = C | _^ n J_ H ^o. 

Therefore, f Wl is invertible, as required. ■ 
Lemma 2.13. For each k £ AT, t/je k-fold convolution ff- is supported on JpC, k Jp. 

Proof This is by simple induction on k, since 
Jp(Jp( k Jp 

= Jp {((Jpnu-)C 1 ) {((JpnL)c 1 ) C k+1 (c k (JpnU)( k ) J P , 

while Jp contains C( Jp n U-)C\ ((Jpnl)C" 1 and C" fe ( Jp n U)( k (cf. Lemma l2~TtI . ■ 

e( E IF} 

In particular, is an invertible element of HiG, Ap) which is supported on the double coset 

JpC e{E/F) J P = JpCfJp, where 

Cf = i{wFl\v, ly ) 
is a strongly (P, Jp)-positive element of the centre of L. We conclude: 

Theorem 2.14. Let iryy be an irreducible supercuspidal representation of Gw — GLm(F), with 
ir^y ~ ttw- Using the notation above, the pair (Jp,Xp) is a G-cover of (J^, Ap). In particular, it 
is an s-type, with s = [L, i^w)]^- 

Proof By construction, Jp is decomposed with respect to P so (i) and (ii) of Definition 8.1] 
are satisfied for P, and likewise for P_. By Lemma 12.121 the strongly (P, Jp)-positive element (p 
supports an invertible element of Ti(G, Ap). Thus (Jp,Xp) also satisfies (iii) of [5J Definition 8.1] 
for P, and is therefore a G-cover of ( J^, ApJ. Then [HI Theorem 8.3] implies (Jp, Ap) is an s-type. 
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2.3 Hecke Algebras 



In this section we derive results analogous to those of Chapter 5 of [5 . In particular, we show that 
the Hecke algebra of our type, 7i(G, A) can be computed by using analogous computations in a 
case where the representation ir of L is of level zero. For many of these situations, JH] will give us 
the parameters of the Hecke algebra. 

We fix i = 1 or 2 and, in the notation of the previous section, we put w = wi. Note that, for g € Gw 
and go £ Go, we have Wl i(g,go) = i(a(g), go) (and a similar result for W2) so, by Proposition 11.11 
we have w i(0w) = i{Qw)j and similarly for rjw- In particular, w intertwines the representation 
rj P = i(rj w ) of J P . 

Now K\y o a is also a /3-extension of rjw so Kw ° 5 - Kw ® XWi for some character \w of 
U {*&w) /U 1 \*&w) — Jw/Jyv which factors through the determinant dets w /E- Then 

w i{Kw) — i(kw oa)= i(kw) ® i(xw) 

and w intertwines k p with Kp <8>Xp, where Xp = i(xw)- Note also that, since J/J 1 ~ Jp/Jp ~ 
Jw/J\y> we can ex tend Xp t° the character x = i(xw) of J. Set k = Indj^ Kp; since Iq(kp) = 
J pGeJ Pi we know that k is irreducible and further, by Proposition 4.1.3], w intertwines k with 
k® x- 

In the notation of the previous section, we put A M = A« . Then [A M , n M , 0, \0\ is a skew semisimple 

stratum and we set Jm = J(\f3, A M ), and similarly J M and U M . Let 6> M denote the transfer of 6 
to Tf M . By |2H Corollary 4.2], there is a unique irreducible representation rj M of J M which extends 
9m, and by [2U Theorem 4.1], we may choose a /^-extension, km of ry M to Jm - we recall here what 
we mean by /3-extension: 

Recall the lattice sequence A m from fc ) 1.41 such that C/(A m )nGp is an Iwahori subgroup of U (A)nGp; 
then we have 6 the transfer of 9 and fj m the unique irreducible representation of J 1 (^/3, A m ) 
containing 9™. We abbreviate U(A) DGe = U(A 0e ) (and similarly for other lattice sequences) and 
define Jm = U(A 0E )J M and J M = C/ 1 (A^ B )J M . Thus, Jm D Jm ^ J M D J M and J M is a pro-p 
Sylow subgroup of Jm- By 24, Proposition 3.7], there is a unique irreducible representation, r)u 
of J M which extends rj M and such that f)y\ and r/ m induce equivalent irreducible representations of 
U 1 (A m ) . Then a /3-extension km is an extension to Jm of t)m • 

Similarly (as in 5 ( Proposition 5.2.5] - see [241 Lemma 4.2]), there is a unique irreducible repre- 
sentation, of Jm which extends rj u and such that 

Indf B //m — bid-. B re ~ Ind- E k p . (2.15) 

Moreover, as in 5, Proposition 5.2.6], we have Am In = Vm and, as in^U Proposition 2.9], the 
Gp-intertwining of Am and Kp are the same; indeed, the same proof shows that w intertwines Am 
with fi M ® xm, where xm = i{xw) on J M . 

Lemma 2.16. There is a choice of Kw for which kw v — K>W- 

Proof Fix some choice of %, which fixes the character xw- Recall that we have km I n = Vm = 
AmIji > by construction of /3-extensions in |24[ Theorem 4.1]. Thus, if we let km = km|j , we must 
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have % ~ Am ® V'm for a character il> M of U(A 0e )/U 1 (A'^ e ), that is, a character of the Siegel Levi 
subgroup of U(A^ E )/U 1 (A^ E ) which is trivial on the maximal unipotent radical U 1 (A'^ E )/U l (A^ E ). 

Then ip M factorizes through the determinant on the Levi subgroup and we can write ip M = i(ipw)i 
for some character ipw of Jw / . 

Now w G Jm so w certainly intertwines km with itself. Hence w intertwines /1m <8> V'm with 
Am ®Xm <3 w, >Pm- Chasing back through the constructions above, we see that w intertwines kp^^m 
with Kp®XM ® w ^m- Since w normalizes L, this implies that conjugation by w gives an equivalence 
kw <X> ipw — ® Xw{ipw <?). By Theorem 5.2.2], we deduce that ipw = Xwi^w ° <?) and, in 
particular, ny/ (g) is a /3-extension with the required property. ■ 



We now choose Kjy as in Lemma 12.161 and make the same constructions as before: Kp, k and Am- 
Comparing /2m with km, we again get a character ?/> M but now with the property that w ipM = V'm- 
If E/Eq is unramified then this implies that t/'m = '"V'oV'O' fo r some character -0 O . Then extends 
to a character of Jm and, replacing km by km •S'V'o ; we ma y assume tp M = 1. In the ramified case, 
the condition on -0m is that = 1 but it is (at least in principle) possible that tp M ^ 1. 

We write V'm = &'(Vw); then we may assume ijfy = 1. 

Proposition 2.17. With the notation as above, we have a support-preserving algebra isomorphism 

n(J M ,x P ) ~ H(u(A™)/u\A™ E ),i( P ^mp w )). 

Proof From the isomorphisms in (|2. 15j) and Corollary 4.1.5], we get a support-preserving 
isomorphism 

H(J M ,X P ) ~ H(J M ,K®i(p w ))- 
Similarly, as in Proposition 5.5.13], since ip^ = 1 we have a support-preserving isomorphism 

H(J m ,k <g> i(pw)) - W(Jm,(Am ® (*(PW ^J^w)). 

Finally, we have support-preserving isomorphisms 

H(Jm, (Am ® V>m) ® (*(pw ® ^w)) - H(JM,i(pw ® ^w)) 

where the first isomorphism follows from the fact that Am ® V^m = ^M extends to a representa- 
tion km of Jm (cf. Lemma 5.6.3]), and the second by reduction modulo J M , since Ju/J\j\ — 
U(A^ E )/U l (A^ E ). Putting these isomorphisms together gives the isomorphism of the Proposition. 

■ 

Remarks 2.18. (i) Note that, writing <B' M for the self-dual Op-order ao(A M ) n B', we have 

U(AM)/UHA™) ~ F(53' m )/I7 1 (^m)xGo/G1 and 
U(A 0E )/U\A™) <* U(<8')/m(<8' M )xG /Gl 

where Gq is the pro-p radical of the anisotropic group Go . Then we have an isomorphism 
H{U{A™ E )/U l {A™ E ),i{p^®^ w )) ~ H{U{X' m )/U\X' u )Ap^I>w))- 
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The quotient C/(5S' M )/C/ 1 (55' M ) is a unitary (if E/Eq is unramified), symplectic or orthogonal 
group over kE and the Hecke algebra on the right is described in |12j . Alternatively, reduction 
modulo ?7 1 (QS' M ) gives a support-preserving isomorphism 

H(U(& M )/U\& M ),i(p^®i; w )) ~ H(U(& M ),i(p^m(; w )), 
and the latter is described in [TH] . 

(ii) Since (in the case where E/Eq is ramified) we have X\y = 1> we may replace our choice of K\y 
by kw^Xw (which has the same property of being fixed by a); this replaces pw by pw^Xw-, 
another self-dual cuspidal representation of J7(Q$m), and we lose the character \w from the 
RHS of the isomorphism in Proposition 12.171 However, we cannot do this independently for 
the two choices A^ 1 ) , A^ 2 ) for A M . In particular, if we choose (as we always can) to dispose 
with the character \w m ° ne case, then it may still be non-trivial in the other. 

(iii) Since (Jp, Xp) is a cover of (Jg, A^), by (HI Corollary 7.12] we have a canonical embedding of 
Hecke algebras tp:H(L, Xj/) TL(G, Xp) and we identify TC(L, Xj) (which is just the algebra 
of Laurent polynomials in a single variable) with its image Bp. We also put /C = TC(Jm, Xp). 
Then (HI Theorem 1.5] implies that the map 

Bp ® C IC -» H(G,Xp) 

f®<f> H-V f*(j> 

is an isomorphism of (Bp, /C)-bimodules. 
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